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We derive a general expression for the power spectra of scalar and tensor fluctuations generated 
during inflation given an arbitrary choice of boundary condition for the mode function at a short 
distance. We assume that the boundary condition is specified at a short-distance cutoff at a scale 
M which is independent of time. Using a particular prescription for the boundary condition at 
momentum p ~ M, we find that the modulation to the power spectra of density and gravitational 
wave fluctuations is of order (H/M), where H is the Hubble parameter during inflation, and we argue 
that this behavior is generic, although by no means inevitable. With fixed boundary condition, we 
find that the shape of the modulation to the power spectra is determined entirely by the deviation 
of the background spacetime from the de Sitter limit. 
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I. INTRODUCTION 

(N 

There is currently significant interest in the possibility that Planck scale physics might leave an observable signature 
in the cosmic microwave background radiation. The common thread running through this work is that early universe 

<n : 

quantum field fluctuations may be sensitive to short distance physics, and this sensitivity may induce small modifi- 
\ cations to the CMB (Cosmic Microwave Background) spectrum produced by inflation. A variety of approaches have 
been taken to calculate the precise signature and a variety of results have been found. These include modifications 
to the dispersion relation for quantum modes at short distance, uj 2 =^ p 2 + m 2 string-inspired changes to the 



, — i 

X 



Heisenberg uncertainty relation [pH9[ , and noncommutative geometry |10|-|12| 



In this paper, we look at the problem of modifications to the power spectrum from short-distance effects in a 
generic way, independent of the specific nature of the short-distance physics assumed. We make the supposition 
that the modification to physics at short distances has no explicit time dependence. That is, there will be a cutoff 
momentum p c which is given by a physical constant such as the Planck mass or the string scale that is independent 
of time. Any change in standard physics at short distance or high momentum p > p c will be completely described (in 
a phenomenological sense) by the boundary condition imposed on quantum modes at the cutoff scale. The boundary 
conditions at the cutoff are equivalent to the selection of a vacuum state for the theory. In this paper, we derive a 
general expression for the change in the scalar and tensor power spectra which results from an arbitrary choice of 
vacuum at short distance. 

We apply this result to the ansatz of Danielsson Jl5| for selecting a boundary condition for the mode function. 
Danielsson's proposal is simply that modes are "created" at the cutoff length in a local Minkowski state, even though 
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the vacuum state of the spacetime is slightly rotated from the Minkowski vacuum. We generalize Danielsson's result 
to an arbitrary non-de Sitter background. This ansatz clearly falls short of being a complete description of physics 
at short distances. However, it does represent a phenomenologically reasonable way to estimate the magnitude and 
form of the changes to the primordial power spectrum due to the presence of a short-distance cutoff. For a cutoff 
momentum p c ~ M, Kaloper et al. |l3| have argued that the largest effect consistent with effective field theory was of 
order (H/M) 2 , where H << M is the Hubble constant during inflation. This differed from the conclusion of Easthcr, 
et al. that the effect in a particular well-motivated model || was of order H/M, potentially large enough to have 
an observable effect on the primordial power spectrum. Brandenberger and Martin |l4f| and subsequently Danielsson 
flBf have argued that deviations of the quantum state of the field from the local vacuum state generically result in 
an effect of order H/M, and we adopt this point of view here. Certainly the final resolution of this issue awaits the 
formulation of a more complete theory of physics at short distances. In the meantime, a phenomenological perspective 
can potentially allow us to constrain the form of such a theory using astrophysical observations, which is a tantalizing 
prospect. 

The paper is structured as follows: Section II contains the calculation of the scalar and tensor power spectra for a 
general choice of vacuum. Section III considers the case of the Danielsson ansatz for an adiabatic vacuum. Section IV 
contains a summary and conclusions. A review of the generation of perturbations in inflation, including definitions 
of some parameters used in the paper, are contained in an Appendix. 

II. THE MODE FUNCTION FOR ARBITRARY VACUUM 

It can be shown that the scalar fluctuation modes and tensor fluctuation modes Vk generated during inflation 
obey the following equations of motion: 



y 2 (l-e) 2 ^ + 2ye(e- V )^-+[y 2 - Fu.^Mu 0. (I) 

where 



F (,.,/.;)- l[l + ( -^r 1 + e 2 -2ei 1 +\i 1 2 + \e ). (2) 



and 

y2 (1 - e)2 w + 2ye (e - v) $ + [ y2 - (2 - e) ] Vk = °- (3) 



Here e, rj, £ are slow-roll parameters (see Appendix), and the "time" variable y is defined to be the wavelength of the 
mode relative to the horizon size: 

The variable y can be related to the conformal time r by: 
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dy = -k (1 - e) dr, (5) 

where during an inflationary phase the conformal time is negative, r < 0, with dr > and e < 1. We emphasize that 
these equations are exact in the sense that no assumption of slow roll has been made. 

We will assume that at wavelengths much longer than some cutoff distance, A ^ Ac, the mode equations (|l]) and (j^) 
describe the evolution of the scalar and tensor mode functions, respectively. For definiteness, we begin with the power- 
law inflation case and then extend the calculation to the slow-roll case. For power-law inflation, e = r\ = £ = const., 
and the scale factor obeys a oc t 1 ^. In this case, the mode equations for scalars and tensors become identical: 

y 2 (l-e) 2 ^+[y*-(2-e)]u k = (6) 



for scalar fluctuations and 



y 2 (l-e)^+[y^(2-e)]v k = (7) 



for tensor fluctuations. We will confine our discussion of the mode behavior to the scalar fluctuations with the 
understanding that the properties of the solutions apply equally well to tensor modes. Since e = const., the exact 
solution to the mode equations is 



1 /7T / y 
Uk= 2VkVT—e 



C+Hu ( t^—) + C-HZ 1 " 



1-eJ " Vl-e 



Here the variable y is just the wavelength of the mode relative to the horizon size, y = k/ (aH), and 

3-e 



(8) 



(9) 



2(1-6)' 

Note in particular that this solution is equally valid for modes inside the horizon and modes outside the horizon. If 
the solution is fixed by a boundary condition well inside the horizon, y — k/ (aH) 1, this solution can be seamlessly 
followed to the long- wavelength limit, y — > without the need for "matching" solutions at horizon crossing (y = 1). 
The case of a Bunch-Davies vacuum is then exactly equivalent to selecting C+ = 1 and C_ = in the general solution 
(S). The canonical commutation relation for the field requires \C+\ - |C_| = 1- Note that since the fluctuation 
amplitude Pn oc \v,k\ depends only on the amplitude of the mode function, the problem contains an arbitrary overall 
phase. 

Previous investigations of whether an observable signature of short-distance physics in inflation is possible 12 



have approached the problem by defining a particular model of short-distance physics and then evaluating the influence 
of that ansatz on the amplitude of the modes at long wavelength. Here we use a more generic approach: whatever the 
nature of the short-distance physics, if we assume that the mode equations ([!]) and (^) are valid at long wavelength, 
then the only influence the short-distance physics can have on the behavior of the modes at long wavelength is through 
the choice of the coefficients C±. (This fact was noted by Starobinsky JT3].) However, the coefficients C± in general 
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need not be constant: they may also have an intrinsic fc-dependence. An important question is: can we determine the 
fc-dependence of the coefficients without knowing the precise nature of the short-distance physics? In this section we 
show that the dependence of C± (k) on fc depends only on the nature of the background spacetime, as long as there 
is no explicit time-dependence in the boundary condition at short wavelength. (This condition will be made precise 
below.) 

We wish to introduce a modification to standard quantum field theory at short distances. That is, for states 
with momentum higher than some cutoff p > p c , the standard equations of motion for the modes no longer apply. 
Brandenberger and Martin and Niemeyer (|] proposed modifying the dispersion relation of the modes at high 
momentum to 2 ^ p 2 + m 2 . Kempf proposed a cutoff based on a modification to the uncertainty relation m 
AxAp > (1/2) 1 + (3 (Ap) 2 + • • • . Other choices are certainly possible |0,|l^|. However, whatever choice we wish to 
make for the nature of the physics at momentum p > p c , once a given state is redshifted to low momentum p <C p c , the 
standard mode equation ^ holds and the solutions will be of the form (||) . Thus, any choice of short-distance physics 
can be mapped to a choice of the coefficients C± (fc). We will therefore consider an arbitrary boundary condition 
fixing the C'± at the cutoff momentum p c : 

C± = C± (k/a = Pc ) . (10) 

We will make the assumption that this boundary condition contains no explicit time dependence: that is, the cutoff 
momentum p c is constant in time. Taking the cutoff to be at a scale much smaller than the horizon, p c H, the 
mode function becomes 



(7 +e i»/(l-e) + C <_ e -i!//(l-e) ; y>L (11) 



Since at short wavelength the mode function Uk depends only on y — k/ (aH) = pj H , the boundary condition on the 
mode function is set by specifying the values of Uk (y) and its derivative at y = y c = p c / ' H: 

C+ = le-W(i-e) [uk {Vc) - i (1 - e ) u' k (y c )} 

C- = V'W(i-) [uk {yc) + i (l _ C ) u' k („ c )] . (12) 

Note that the /c-dependence of the coefficients is then entirely contained in the boundary value y c . This is due to the 
dependence of y c on the Hubble parameter, which is in general time dependent: 

k 



Vc {k) aH 



(13) 

(fe/a)=p c 



That is, y c (k) is defined to be the value of kj (aH) at the time when a given comoving mode k is at the cutoff scale 
(k/a) = p c in physical units. Especially important is that in the limit of de Sitter space, H = const, and therefore 
y c = const., so that the coefficients C± are generically independent of k in the de Sitter limit. The power spectrum 
Ptz is defined in the long- wavelength limit y — * 0, where 



\Uk\ - 

The scalar power spectrum is then 

,1/2 



Of-3/2 y ( v \ i . 

' ' |<7 + (*) + CL(*)l' " 



2fc T(3/2) 



1 - e 



1/2— v 



n 



k 3 
2^2 



2; 



2 '-" 2 r <"> ^ ff *|<M») + <M*)|' '< 



3/2-!/ 



(14) 



(15) 



2tt r(3/2) \m P iy/IJ 1 TV '' ^-"\^i_ e> 
where the C± are given by Eq. ( |l2| ) , and in the case of power-law inflation, v is given by Eq. (^) . This is trivially 
generalized to the case of slow-roll inflation, which assumes e and 77 are constant and small but unequal, so that 



F(e, V ,0~2[l + e-~r ] 



const. 



The solutions to the mode equation are then of the form (|l5|) , but with 



u = - + 2e-T 1 . 



(16) 



(17) 



Note that for the power-law case, e = 77, this is simply the small e limit of Eq. (||). Similarly, the tensor fluctuation 
amplitude is 



Pr /2 (*) 



k 3 
2^2 



mpia 



where 



in the power law case, and 



2^-3/2 r(y) / g 

2?r r(3/2) ^ 



3- e 
20^) 



7/ = e 

2 



|C+(fc) + C_(fc)| 



1-e 



3/2-1/ 



(18) 



(19) 



(20) 



in the slow roll case. We assume that the boundary conditions are identical for the scalar and the tensor modes, and 
thus that the C± (k) are identical for scalars and tensors. In the case of Bunch-Davies vacuum, C+ = 1 and C_ = 0, 
the spectra P-r and Pq- are power-law in k, and we can calculate the spectral indices: 

d\ogP n 



= 1 



dlogfc 
d\ogP n 



dlogy 



= A-2v, 



(21) 



(aH)— const. 



for the scalar modes and 



d log P T 
dlogfc 
dlogPr 



dlogy 



%-2v. 



(22) 



{aH)— const. 

These are the standard results. However, a choice of vacuum different from Bunch-Davies will in general lead to an 
additional fc-dependence in the spectrum. One possible observational signature of a modulation of the power spectrum 



is a violation of the inflationary "consistency condition" , which relates the ratio of the tensor and scalar amplitudes 
to the tensor spectral index: 

£ = ~\-r. (23) 

Modulation of the power spectra leaves the tensor/scalar ratio unchanged, but alters the spectral index n-r, leading 
to a violation of the consistency condition . 

To determine the specific form of the change in the power spectra, we must determine y c (k). This can be done as 
follows. Take the function k (r) as the wavenumber corresponding to the cutoff scale p c at conformal time r, 

k (t) cx a (r) . (24) 

Then we can calculate 

d\ogy c _ rilogg -1 _ dlogH^ 1 d(f) dr 
d log k d log a d(f> dr d log a 

Working out the terms individually, we have (see Appendix) 

dlogH- 1 _ H'{<t>) 



H{4>) 



(26) 



f=ai = -^aH'(<f,), (27) 



and 

dr 1 



d log a aH 

Then 

2 



PI 



d\ogy c 
d log k 4ir 



H{<t>) 



(28) 



(29) 



This equation is exact. Therefore the dependence of y c on k is particularly simple 

y c (k)ock e , (30) 

a result which holds in general, including the power-law and slow-roll cases. We then have a very simple expression 
for the modification to the standard spectra arising from a choice of vacuum different from Bunch-Davies: 

PK,T = \C+(k) + C-(k)\ 2 P%zp, (31) 

where the coefficients C±(k) are given by Eq. ((IJ) and y c (k) oc k e . This solution is valid in both the slow roll and 
power-law cases. The important feature is that the fc-dependence of the modulation depends entirely on the behavior 
of the background spacetime, that is the time dependence of y c = k/aH. In particular, in the de Sitter limit e — > 0, 
and y c — > const., so that there is no additional ^-dependence in the power spectrum, although the normalization can 
be altered. A concrete example of this was studied in [Q. In the general (non-de Sitter) case, the boundary value y c 
is time-dependent, and we expect a modulation of the power spectrum ||. 

G 



III. BOUNDARY CONDITIONS FOR THE ADIABATIC VACUUM 



Danielsson has proposed a general ansatz for parameterizing the choice of vacuum in an inflationary spacetime. 
The choice of Bunch-Davies vacuum can be expressed as a relation between the field and its conjugate momentum in 
the ultraviolet limit, 

^ — ► -ip(j) p , p -> oo. (32) 
Danielsson's prescription for an adiabatic vacuum is to enforce this relation at a finite momentum p c : 

= -ip<t>p, P = Pc- (33) 

This is simply translated into comoving variables, 

Id ,Uk\ _ (fc/fl) = (fc/a)c _ (34) 

a cIt \ a / ar 

In terms of the variable y, the Danielsson boundary condition becomes 

We - 1 



u'k {Vc 



Uk (y c ) ■ (35) 



.Wc(l-c). 

The adiabatic vacuum can be translated into coefficients C+ using Eq. (H|), that is using the asymptotic (k — > oo) 
form of the mode function 

C + = ie-Wd-e) (*b±£\ Uk{Vc) 



2 V Vc 

C-=- l -e + ^l^(-)u k {y c ), (36) 



2 \y, 

Or, 

c -— pWM (5Tf7) c - (37> 

This is a generalization of the result of Danielsson to arbitrary background. Note that this condition completely 
specifies the modulation to the power spectrum, since the Wronskian condition |C+| 2 — |C_| 2 = 1 constrains C+: 

C+ =-2^- ( 38 ) 

In the limit y c —> oo, we have |C+| — > 1, as expected. We are free to choose the overall phase, so we can write the 
two coefficients as 



1 We note that if we use the exact solution for the mode function instead of the asymptotic version ([Tl|), the vacuum 
rotation will necessarily be exactly zero. The essential physics of this ansatz is that we assume the mode is "created" in the 
local Minkowski state, but the true vacuum of the spacetime is slightly non-Minkowski. 
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= g^c+j e - %c /(l- e ) 



2y c 



2y c 



+i3/a/(l-e) 



(39) 



With y c oc fc e , the modulation of the power spectrum is then completely determined. Note also that the amplitude of 
the vacuum rotation C_ is of order y~ . If we consider a theory with a cutoff at a scale p c ~ M , the modulation of 
the power spectrum is then first order in H/M: 

_i # 



^ ~ M' 



(40) 



We expect in general that if short-scale physics results in a rotation of the vacuum, then the lowest-order correction 
to C± will be of this form [^5|j7|Jq]. From Eq. (|3l|), the correction to the power spectrum is then also generically 
of order H/M. This is consistent with the modulation found in Refs. |0,||,^4 15 1. However, it must be emphasized 
that this answer depends on the choice of boundary condition for the mode, and is not forced on us by the physics. 
Other choices are possible - including the choice of Bunch-Davies vacuum with C_ = 0! Only a more complete 
understanding of short scale physics will fix the boundary conditions from first principles. 

Figs. 1 and 2 show the power spectrum and modulation, respectively, for power-law inflation with e = 0.01. We 
have chosen y c ~ (M/H) = 100, a value consistent with a cutoff determined by the string scale in conventional string 
theory, which can be as much as two orders of magnitude larger than the Planck length [tPI . The modulation to the 
power spectrum is of order one percent - a potentially observable value. 
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FIG. 1. Power spectrum P 1//2 (fc) as a function of k, for e = 0.01 and y c (ko) ~ 100. 
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FIG. 2. The modulation AP 1/2 /P 1/2 = 1 - \C+ + C- | as a function of wavenumber k, for e = 0.01 and y c {k ) = 100. 

IV. CONCLUSIONS 

We have shown that, since any new physics at short distance will influence the modes generated during inflation 
through the choice of boundary condition, it is possible to derive a generic formula for the form of the quantum modes 
at long wavelength. In the limit of de Sitter space, we recover a scale-invariant perturbation spectrum regardless 
of the choice of boundary condition, although with altered amplitude. However, for non-de Sitter backgrounds, the 
selection of boundary condition has a potentially large effect on the form of the primordial power spectrum, both for 
scalar modes and tensor modes. Allowing freedom in the choice of vacuum opens up a very rich set of possibilities 
for the primordial power spectrum, since particular instances of the general solution ( |3l| ) can in principle take on a 
very complex form. Tilting the spectra toward the red or the blue is possible, as well as introducing single features or 
oscillatory behavior, depending on the background and the choice of boundary condition. However, we find in general 
that the scale-dependence of the modulation is determined by the deviation of the background spacetime from the de 
Sitter limit and not by the particular form of the boundary conditions. 

We study the particular case of the ansatz proposed by Danielsson for selecting the boundary condition for the mode 
function at the short- distance cutoff p|, and extend the result of Ref. EH] to the case of arbitrary background. We 
find that deviations from the standard power spectra are generically of order H/M , where H is the Hubble constant 
during inflation, and M is the cutoff scale. This scenario provides a much simpler realization of the effects studied in 
Refs. |?],|8| and suggests that the relevant physics determining the amplitude of the modulation is due to the presence 
of a fixed cutoff scale M, and not, for example, due to the breaking of Lorentz invariance. While the amplitude of 
the modulation depends sensitively on boundary conditions set by unknown short-scale physics, we find it exciting 







that there are well-motivated choices that yield changes to the primordial power spectrum at the edge of detectability 
with presently foreseen experiments Q . 
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APPENDIX: INFLATION AND THE PRODUCTION OF FLUCTUATIONS 



In this section we review the basics of scalar field dynamics in inflationary cosmology with emphasis on the very 
useful Hamilton- Jacobi formalism M Ell. The emphasis is pedagogical; a more formal review can be found in Ref. 
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22j. The first basic ingredient is a cosmological metric, which we shall take to be of the flat Robertson- Walker form 



ds 2 = dt 2 - a 2 (t) \dx\ 2 = a 2 (r) dr 2 - \dx 



(41) 



The quantity t is the conformal time, with dt = adr. The second ingredient is a spatially homogeneous scalar field 
with potential V ((/>) and equation of motion 



4> + + V {(f>) = 0, 



where the Hubble parameter H is defined as 



H : 



(42) 



(43) 



An overdot denotes a derivative with respect to the coordinate time t. If the stress energy of the universe is dominated 
by the scalar field <j>, the Einstein field equations for the evolution of the background metric = HttGT^ can be 
written as 



H 2 = 



8tt 
3mpj 



1 



V (</>) + -</> 



and 



8tt 
3mp! 



v{4>)-4> 2 



(44) 



(45) 



where mpi = G -1 / 2 ~ 10 19 GeV is the Planck mass. These background equations, along with the equation of motion 
( [42| ) , form a coupled set of differential equations describing the evolution of the universe. The fundamental quantities 
to be calculated are <f> (t) and a (t) , and the potential V ((f>) is input from some model. Inflation is defined to be a 
period of accelerated expansion 



>0, 



(46) 



indicating an equation of state in which vacuum energy dominates over the kinetic energy of the field (f) 2 < V (</>) . 
In the limit that <f> — 0, the expansion of the universe is of the de Sitter form, with the scale factor increasing 
exponentially in time: 



H 



8tt 
3m P1 



V (4>) = const, 



(47) 



Note that with the Hubble distance H _1 constant and the scale factor increasing exponentially, comoving length scales 
initially smaller than the horizon are rapidly redshifted outside the horizon. In general, the Hubble parameter H will 
not be exactly constant, but will vary as the field <f> evolves along the potential V [(f)). A convenient approach to the 
more general case is to express the Hubble parameter directly as a function of the field 4> instead of as a function of 
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time, H = H (</>). This is consistent as long as t is a single- valued function of </>. Differentiating Eq. ([44]) with respect 
to time, 



2H(ff>) H' (0)0: 



3m|j 



V (4>) + 4> 



'pi> 



(48) 



The equation of motion ( }42| ) was used to simplify the right-hand side. Substituting back into the definition of H in 
Eq. (S3) results in the system of two first-order equations 



* = -^2T(*), 

[if' ( 0)] 2 -§i^ w = _^j! FW 



(49) 



pi 



'pi 



These equations are completely equivalent to the second-order equation of motion (42). The second of these is referred 
to as the Hamilton- J acobi equation, and can be written in the useful form 



l-~e(0) 



8tt 

3TOpj 



where the parameter e is defined as 



(50) 



(51) 



4tt V 

The physical meaning of the parameter e can be seen by expressing Eq. ( |45| ) as 

^ = J ff 2 (0)[l-e(0)] ! (52) 

so that the condition for inflation (|4^) is given simply by e < 1. Equivalently, e can be viewed as parameterizing the 
equation of state of the scalar field matter, with the pressure p and energy density p related as 

(53) 



P = P ( 1 

The condition for inflation e < 1 is the same as p + 3p < 0. The de Sitter case is e = or p = —p. In what follows, it 
will be convenient to define the additional parameters |2^,|24[] 



V 



ml, fH"(4>) 



4vr V H (0) 



and 



? 4tt 



1/2 



(54) 



(55) 



H 2 (0) 

These are often referred to as "slow-roll" parameters, but the definition here is independent of the assumption of slow 
roll. 
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The metric perturbations created during inflation are of two types: scalar, or curvature perturbations, which 
couple to the stress energy of matter in the universe and form the "seeds" for structure formation, and tensor, or 
gravitational wave perturbations, which do not couple to matter. Both scalar and tensor perturbations contribute 
to CMB anisotropy. Scalar fluctuations can also be interpreted as fluctuations in the density of the matter in the 
universe. The power spectrum of curvature perturbations is given by |E6[ 



where k is a comoving wave number, and the mode function Uk satisfies the differential equation |2 

d 2 u k ( 2 ld 2 z\ 

The quantity z is defined as 



z = = -mpiay/e, (58) 

and 

l£_ + . -», + ,. + !««). (59) 

Solutions to the second-order differential equation for the mode uu in general contain two integration constants which 
can be taken to be phase and normalization. Normalization is fixed by the canonical quantization condition for the 
fluctuations, which in terms of the Uk is a Wronskian condition 

„ dui. dut 

ul^-u h ^ = -i. (60) 

Note that in the short wavelength limit, the equation of motion is just a wave equation. In a standard analysis, 
the phase is fixed at short wavelengths by selecting the so-called "Bunch-Davies" vacuum, which is equivalent to 
specifying that Uk receive a contribution only from a negative- frequency component. 

u k oc e~ ikT , k-^oo. (61) 



The solution in the long wavelength limit k — > is just Uk oc z. It is the second condition ( |61| ) that we relax in this 
analysis, allowing contributions from both positive- and negative- frequency components: 



u k oc C+e- lkT + C-e +lkT , k->oo. (62) 



The usual method of obtaining general solutions to the mode equation (57) is to solve for the quantity (aH) as a 
function of the conformal time r. To do this, take the exact relation 

dr = d [ aH ^ (63) 
(aH) 2 (l-e) 
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and integrate by parts: 

1 f d (aH) d ( 1 



(aH)(l-e) J (aH) d(aH) \l-e y 

= -T~FTW-, 7 + / 2e( f~^ _ rf(aff). (64) 

(ofl)(l-c) 7 ( ai j) 2 (i_ e ) 3 

In the limit of power-law inflation e = rj = const, the second integral in Eq. ( B4j ) vanishes, and the conformal time is 
exactly 

1 



(afl)(l-c)- 

The mode equation (]57|) then becomes a Bessel equation, with the solution 



(65) 



wfc = iV^IC+ff, (-fcr) + C-HZ (-kr)} , (66) 



where H v is a Hankel function of the first kind, and 

3- e 



(67) 



2(l-e) 

Here we have normalized Uk so that the Wronskian condition (pOj ) is equivalent to the condition 

|C + | 2 -|C_| 2 = 1 (68) 

on the constants C±. Note that Eq. ( |68| ) is valid in general, not just in the short wavelength (k — > oo) limit. Thus 
the choice of the Bunch-Davies vacuum at short wavelength is equivalent to setting C_ = in the general solution 
(|66|). The limit of de Sitter expansion is e — > 0, and this reduces to v — 3/2, which is the case of a scale invariant 
spectrum P (k) cx k. Thus, de Sitter expansion can be considered to be a limiting case of power-law inflation. The 
so-called "slow-roll expansion" is an expansion in small parameters about the de Sitter limit. In cases where e =/= rj, 
but both e and r\ are small, the conformal time is given by the (now approximate) relation 

r "- (ag) a- £) --(^)( 1 + £ )- ( 69 ) 

Note that despite the formal similarity between this and the power-law case, slow roll involves distinct assumptions 
fjof : the slow-roll and power-law solutions are the same only in the de Sitter limit. Higher-order corrections can be 
obtained by continuing the integration by parts, 

1 



1 H 5- + O (en I 



(70) 



(aH) (1 - e) 

As long as this series converges, the conformal time is well defined as a series in slow-roll parameters. In the slow-roll 
approximation e, 77 <§C 1 , it is consistent to take e and 77 to be approximately constant, and the solutions are again 
Hankel functions of the form (|6^), with 

v=\ + 2e-n (71) 
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to first order in the slow-roll parameters. 

Instead of expressing the mode equation ( |57| ) as a differential equation in the conformal time r, it is convenient to 
switch variables to the wavelength of the fluctuation mode relative to the horizon size , 



( — 



X 



Then 



, d (aH) 

dy = -fc-i 1 = -k 1 - e) dr, 

(aH) 2 



and the mode equation (|57|) can be expressed exactly as 

d Uk _ v dti* 



dy 



where 



ru.//.il = 2 ( 1 + e - |t7 + e 2 - 2 e?7 + |r? 2 + ^ 2 



The case of tensor fluctuations is exactly analogous. The tensor fluctuation amplitude is defined as: 

Vk 



where the mode function Vk obeys the equation of motion: 



d 2 Vk _ 
~~d^ ' 

This can be written in a form similar to Eq. ([74]), 



y 2 (i-e)' 



d 2 v k 
dy 2 



1 d 2 a 
a dr 2 



dv k 



mp\a 



v k = 0. 



2ye (e - r,) + [y 2 - (2 - e)] v k = 0. 



(72) 



(73) 



(74) 



(75) 



(76) 



(77) 



(78) 



This equation is also exact. We can then take Eqs. (0) and (||) as the starting point for an analysis of the effect of 
the choice of vacuum at short wavelengths. 
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